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Abstract: Let G be a finite group and H a normal subgroup. D(H;G) is the crossed product of C{H) 
and CG which is only a subalgebra of D(G), the quantum double of G. One can construct a C*-subalgebra 
T h of the field algebra T of G-spin models, such that T u is a D{H\G)~ module algebra. The concrete 
construction of D(H;G)- invariant subalgebra A {H G) of T u is given. By constructing the quasi-basis of 
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1 Introduction 

Assume that G is a finite group with a unit e. The G-valued spin configuration on the two-dimensional 
square lattices is the map a : Z 2 —» G with Euclidean action functional: 

S ( a ) = X f( a x 1(T y )’ 

0,2/) 

in which the summation runs over the nearest neighbour pairs in Z 2 and / : G —>• M is a function 

of the positive type. This kind of classical statistical systems or the corresponding quantum field 

theories are called G-spin models, see mm- Such models provide the simplest examples of lattice 

field theories exhibiting quantum symmetry. In general, G-spin models with an Abelian group G 

are known to have a symmetry group G x G, where G is the group of characters of G, namely the 

Pontryagin dual of G. If G is non-Abelian, the Pontryagin dual loses its meaning, and the models 

have a symmetry of a quantum double D(G) ([HE])- Here D(G ) is defined as the crossed product of 

C(G), the algebra of complex functions on G, and group algebra CG with respect to the adjoint action 

of the latter on the former. Then D(G) is a Hopf *-algebra of finite dimension ([6j 71IB])- Also as in 
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the traditional quantum field theory, one can define a field algebra F associated with this model (0). 
There is a natural action 7 of D(G) on F such that F is a -D(G)-module algebra with respect to the 
map 7. Namely, there is a bilinear map 7 : D(G) x J-> J satisfying: V a, b £ D(G), F\, F 2 , F £ F, 

(ab)(F) = a(b(F)), 

a(F 1 F 2 ) = E a (i)( F i) a (2)( F 2), 

(a) 

a(F*) = ( S(a*)(F ))*. 

Here and from now on, by a(F ) we always denote 7(0 x F) in F. Under the action of 7 on F, the 
observable algebra A {G G) as the D(G)-invariant subalgebra of F is obtained. And there exists a 
duality between Ac and D(G), i.e., there is a unique (^-representation of D(G ) such that D(G ) and 
A(g,G) are commutants with each other. 

In [10], we consider a more general situation. Let H be a normal subgroup of G, then D{FL]G) 
is defined as the crossed product of G(fL) and C G with respect to the adjoint action of the latter on 
the former. One can construct a G*-subalgebra F H of the held algebra F of G-spin models, called 
the held algebra of G-spin models determined by FI, such that F H is a D(H-, G)-module algebra even 
though D(F[-,G) is not a Hopf subalgebra of D{G). Then the observable algebra A (H G) , which is the 
set of hxed points of F H under the action of D(Ff;G) is given. Also there exists a duality between 
D(H-G) and A^h,g)- 

In this paper, we continue to discuss this model. In Section 2, we hnd algebraic generators for 
A( H G ) by means of discussing the local net structure to A (H G) . In Section 3, we construct a quasi¬ 
basis for the conditional expectation z H : F H —> A (H G) , and then obtain the corresponding G*-index 
Index z H = |G||Hj/, where |G| and \H\ denote the order of the group G and H, respectively. 

Throughout this paper, all algebras are complex unital associative algebras. For more details on 
Hopf algebras one can refer to the books of Sweedler m and Abe m We shall adopt its notation, 
such as S, A, s for the antipode, the comultiplication and the counit, respectively. Also we shall use 
the summation convention, which is standard in Hopf algebra theory: 

A(a) = E a (i)®«( 2 ), 

(a) 

A ^(a) = A o (id < 8 > A)(a) = ^ (g) a( 2 ) ® a (3)> 

(a) 

A^(a) = A (n_1) o (id ( 2 ) A)(a) = ^ a (1 ) ( 2 ) a ( 2 ) ® • • • < 8 > a( n+ i), 

(a) 

where the second one holds since A o (id ( 2 ) A) = A o (A < 2 > id), and so on. 

2 The structure of the observable algebra in T u 

Suppose that FI is a normal subgroup of G. In the previous paper [TO] , we defined a Hopf *-algebra 
D(F [; G) and then constructed a G*-subalgebra F H in the held algebra F of G-spin models. Under the 
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action 7 of D(H ; G) on it, T H becomes a D(H ; G)-module algebra and the observable algebra A (H . G) 
as the D(H; Gj-invariant subalgebra of T H is given. This section will discuss a local net structure 
to A (H _ G y which can be achieved by finding algebraic generators for A G with local commutation 
relations. Let us begin with the following definition. 

Definition 2.1. ^ D(H;G ) is the crossed product of C(H ) and group algebra C G, where C(H) 
denotes the set of complex functions on H , with respect to the adjoint action of the latter on the 
former. 


Using the linear basis elements (h,g) of D(H ; G ), the multiplication can be written as: 


(hi,gi){h 2 ,g2) — ^h igi , gi h 2 {hi, gig2)- 

Clearly, E {h,e) is the unit of D(H]G). Also, the structure maps are defined as 
heH 


c h , 9 r 

A (h,g) 
e{h,g) 

S(h,g ) 


(.9 1 hg,g 1 ), (*-operation) 

E (t, 9) ® (i _1 h, g ), (coproduct) 

teH 

5 h ,e, (counit) 

(g~ 1 h~ 1 g, g- 1 ), (antipode) 


where h € H,g G G and 5 gt h = 
unique element 


1 , if g = h 
0 , if g ^ h 


One can prove D(H; G) is a Hopf *-algebra with a 


z h ~ ]U| E ( e ’9)i 
geG 


called a cointegral, satisfying 


az H = z H a = e(a)z H , VaGD(iL;G), 


and s(z H ) = 1. As a result, D(H\G ) is a semisimple *-algebra of finite dimension. Consequently it 
can be a C'*-algebra in a natural way (|10j). 

Remark 2.1. (1) If H is a subgroup of G , not a normal subgroup. One can prove there is not the 
adjoint action of C H on C(G), and then D(H]G) can not be defined. 

(2) Different from the case of D(G] H), which is the crossed product of C(G) and C H with respect 
to the adjoint action of the latter on the former ([9] [TSJ), D(H ; G ) is not a Hopf subalgebra of D(G), 
even though it is a subalgebra of D(G). 

(3) Also, the relation S 2 = id holds in D(H ; G), which implies that Va € D(H\ G), 

E ^( a (2)) a (i) = E a (2)5’( a (i)) = £(a)lD(H;G)- 

(a) (a) 
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As in the traditional case, one can define the local quantum field algebra associated with the 
model. 


Definition 2.2. EH T Hloc is an associative algebra with a unit I generated by {5 g (x), ph{l) : g £ 
G,h £ H]x £ Z, l £Z + i} subject to 


E S g (x) 

g&G 

&gi {x)8 g2 (x) 
Phi (J)Ph2 (0 
A?l (^) 5 92 00 

Ph(l)5g(x) 
Phi {l)Ph2 0 ) 


/ = Pe(0, 
figi^figi ( x )i 

Phih2 (0 j 

(x), 

I S h g(x)p h (l), l < X, 

[ Sg(x)p h {l), l > X, 

Ph.2 )Ph 2 ~ 1 hih 2 (^i l > l ■ 


for x,x' G Z; 1,1' £ Z + ^ and h\,li 2 G H,gi,g 2 £ G. In particular, if H = G, by Jq oc we denote 
T 

^ H,loc 


The *-operation is defined on the generators as J*(x) = S g (x), p* h {l) = p h -i(l) and is extended 
antilinearly and antimultiplicatively to J~ H loc . In this way, J~ H loc becomes a unital *-algebra. 

For any finite subset A C ^Z, let J~ H (A) be the subalgebra of T Hloc generated by 


{5g(x),p h {l) : g £ G,h £ H,x,l £ A}. 


In particular, we consider an increasing sequence of intervals A n ,n G N, where 

A 2 n = {s G IZ : —n + 5 < s < n} 

A 2 n+i = {s £ : — n — | < s < ?r} 

In [3j, the authors have shown that J-(A n ),n £ N are full matrix algebras, they can be identified 
with M\Q\n. Moreover, under the induced norm, F(A n ) are finite dimensional G*-algebras. Hence 
T H (A n ), n G N are subalgebras of full matrix algebras, and then they are finite dimensional G*- 
algebras. The natural embeddings i n : F H (A n ) —> J r H ( A n+1 ), that identify the 5 and p generators, 
are norm preserving. Using the C*-inductive limit ([14] I. a C*-algebra T H can be given by 

^=U^(An), 

n 

called the field algebra of G-spin models determined by a normal subgroup H. 


There is an action 7 of D(H; G) on T H in the following. For x £ Z; l £ Z + ^ and h £ H,g £ G, 
set 


( h,g)6 f (x ) = S h , e 6 gf (x), Mf£G, 

1 1?) Pt (0 ^h,gtg—^ Ph(.fy i £ H. 
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Then the 7 can be extended continuously to an action of D(H ; G) on F H , such that F H is a D(H ; G)- 
module algebra with respect to the 7 . Namely, the 7 satisfies the following relations: 


(ab)(F) 

= a(b(F)), 

a{F\F 2 ) 

= E°(i)(Ei) a (2)(E2), 

(a) 

a{F*) 

= (S(a*)(F))* 

for a, b G D(H;G), F 1: F 2 ,FeF H . 


Set 


A 

(H,G) 

= {FeF H :z H (F) = F} 

Then A (H G) is a subalgebra of F H . 



Lemma 2.1. z ^ : j:^ _s. ^4 satisfies the following conditions: 

(1) z H (I) = I where I is the unit of F H \ 

(2) (bimodular property) M F\,F 2 G A (HG) , F G F H , 

z h (F 1 FF 2 ) = F 1 z h (F)F 2 ; 


(3) z H is positive. 


In the following a linear map T from a unital C*-algebra B onto its unital C*-subalgebra A with 
properties (l)-(3) in Lemma 2.1 is called a conditional expectation. If T is a conditional expectation 
from B onto A, then T is a projection of norm one ([H]). The conditional expectation z H : F H —>• 
A,„ will be addressed in the next section. 

From the above lemma, one can prove *4 (HG) is the C*-subalgebra of F H , called an observable 
algebra related to FI in the field algebra F of G'-spin models. Moreover, if H\ C H 2 with Hi < G for 
i = 1,2, then .4 G) C A (Ho G) , since A< A^(zh 2 ) as projections on for n G N. 

In this section, we will give the concrete construction of A (H G) . In order to do this, for g G G, 
iGZ, and IgZ + |, set 

Vg(x) = E Shg-H-l(x - ?)6h(x)Qhgh-i(x+ 

heG 

Wg(l) = E S h(l - \)&hg(l + \)- 

h&G 


Lemma 2.2. Let A n _i m C f Z be a finite interval for n,m G Z. The D(H; G)-invariant subalgebra 
of F H {A n _i m ) is generated by 


That is 



(x),v h (l) : g e G,h e H,x,l e A n m _i 


}■ 


(f h ( A n-i, m )) = {ujg(x),v h (l) : g eG,h€ H,x,l G A n m _i } . 
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Proof. We know that J r H (Ai m ) is a C*-subalgebra of T Hloc , generated by 

j(5 9 0), ^(Z) : g £ G,h £ H,x,l £ Ai m j . 

Notice that for hi £ H, i = 1, 2, • • • m with h i h /2 ■ • • h m = e, 

(M^M 2 ) ■■■Sgm(m)Qh 1 {^)eh 2 ( |) • • • Qh m ( m - 3 )) 

= E (/,e) (M 1 )^(§)••• Qh m (m - 3 )) 

1 /eG 

= ig|E E (tm-ltm > f) S gm( m ) 

feGucH v 

(Wii,/)fl«(5)(WiC2» /H 2 (§) • • • (*2m-n f)Ph m (m - ±)) 

= ]Gf E ( (^/ffi(l)^/S2(2) ' ' ' dfgm(. m )0fh 1 f- 1 (2)@fh2f- 1 (%) ■ ■ ■ _ ^)) 

f&G 

~ ]Gf E (^(■*-)^sgf 1 g 2 (^) ^ssf 1 g m ( m )^sgf 1 fcigis- 1 ^2)^sg]7 1 /i2Sis- 1 (2) 

sGCt 

^sr 1 ^ 1 -iC-2-^r 1 s^- l(m “ 2 ))’ 

which together with the following equation 


u>xi (1)^X2 (I)'" ^ m _i (m - 3 )u w (1)%, (2) • • • v Vm _ 1 (m - 1) 

= E E tis 1 ll)$s 1 x 1 (2)$s2(2)Ss2x 2 (3)---S Sm _ 1 (m-l)5 Sm _ 1Xm _ 1 (m)p t -i t -i(±)8 tl {l)p t 

sieGueG yi 1 y 1 

Pt2y^^t2WPt2y 2 t^(\) ■ ■ ■ ~ D^-1 ( m - l )Pt m -~ 3) 

= E E jyr^ 1 )^!®! (2)^2 (2)5 t -1 \X)---8 Sm _ 2Xrn _ 2 {m -l)8 Sm ^ (m - 1) 

s,eGt,eG yi y2 

p 1 1 1 1 (m —|)p. ,-1 (m — i) 

^m-2y rn _2t rn -2ym-l t m-l' 2 tm-lVm- l^rn-l ' 2/1 

= E «.(!)««! (2)<Wx2 (3) • • • ^sna;2"-a; m _i ( m )P S3/ - 1 s - 1 ( 2 ^sj/ixi ( 2 )Z , sxi{/2X2j/J 1 xJ 1 sf 1 s- 1 ( 2 ) 

3 'l /O TYl - - 

2> 


PsXiy2X2---Xm-3ym-2Xm-2y m 1 _ 1 X rrl L _ 2 ---X 1 2^ PSXiy2X2—X m -3Xm-2ym-lX rr f_ 2 -X 1 2 ) 


yields that 


z h (M^M 2 ) • • • $g m (m)Q hl (1)^2( 1 ) • • • 2ft™ - 3)) 


= - 5 ) V^r^i ( 2 ) 

■ ■ ' V 9 ^ 1 -ih- 1 _ 1 h- 1 - 1 "h^ 1 g m - 1 ( m ~ X )- 

Hence, z H (^F H (Ai m )^ is a C*-subalgebra of G) , generated by 

| u g (x),v h (l) : g £ G,h £ H,x,l £ A l m _i | . 


By induction, one can show z H yJ~ H (A n _ 1 m )J is generated by 



(x),v h (l) : g £ G,h £ H,x,l £ A n m _i 


}• 


□ 
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Remark 2.2. For A C Iz, let 

•A H (A) = ( Vh(x),w g (l ) : h e H,g e G,x,l e A). 

Lemma 2.2 together with Lemma 2.1 implies that z H : J ff (A n _i m ) —»• ^ H (A nm _l) is a conditional 
expectation. 

Theorem 2.1. The observable algebra is the C*-algebra given by the CMnductive limit 

“A(/f.G) = LMh(-A)- 

A 

Proof. If A £ A {H G) and e > 0, then from Lemma 2.2 and the continuity of the projection z H , we 
know A = z h (A ) and there is B € F H (k n _i m ) with ||A — B\\ < e, which implies that 

\\A-z h (B)\\ = \\z h (A-B)\\<\\A-B\\<s, 

and z h (B) G A H (\ m _i). □ 

3 C^-index 

This section will give the C*-index of conditional expectation z H : J- H —> A [H G) , where H is a normal 

subgroup of G with \G : H] = k and t\ = e, t 2 , ■ ■ ■ ,tk is a left coset representation of H in G, namely 
k 

G = U tiH an d if- j induces that tjH n tjH = 0, where e is the unit of G. 

i=l 

Definition 3.1. Let T be a conditional expectation from a unital C'*-algebra B onto its unital C*- 
subalgebra A. A finite family (u 2 ,rt|), • ■ ■ , (u n ,u^)} C B x B is called a quasi-basis for T 

if for all a € B, 

n n 

Y, utT(u*a ) = a = Y r (aui)u*. 

i— 1 i— 1 

Furthermore, if there exists a quasi-basis for F, we call T of index-finite type. In this case we define 
the index of T by 

n 

Index r = UjU*. 
i= 1 

Remark 3.1. (1) If T is a conditional expectation of index-finite type, then Index F is in the center 
of A and does not depend on the choice of quasi-basis (fl5j). 

(2) Let IV C M be factors of type Hi and T : M —> N the canonical conditional expectation 
determined by the unique normalized trace on M, then Index T is exactly Jones index [M, N] based 
on the coupling constant ([16|b More generally, let M be a (a-finite) factor with a subfactor N and 
r a normal conditional expectation from M onto N, then F is of index-finite if and only if Index F 
is finite in the sence of [El, and the values of Index F are equal. 
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Theorem 3.1. For fixed k £ Z, x € G, y G H, set 

^x,y — \/\ G\Sx{}^)Py{k T ~). 

Then : x € G, y £ H} is & quasi-basis of z H : T H —> -d (J/G) . 

Proof. Without loss of generality, one can consider the case k = 1. 

Firstly, one can show that u* y ) : x £ G,y £ H} is a quasi-basis of z H : J h (Ai m ) — >• 

m _ i), for any m € Z and m > 1 . 

Note that 


E T, u x , y z H ul y 5 gi {l)5 g2 {2)---5g m {m)e hl {\)Q h2 {l)---Q hrn {m- \ 

x£G y&H L 

= |G| E E u x,yZ H \s x (l)gy-i{^)S gi (l)Sg 2 {2)---Sg m (m)0 hl (^)0 h2 (^)---g hm (m -±) 
x&GyeH L 

= |G| E E f 5 *( 1 ) <y <n( 1 )V 1 fla( 2 )V 1 s3( 3 )‘"V 1 «fm( m )ei/- i (|)ehi(5)eh2(i) 

xGGyeH L 

■■■6hm(m- \) 

= |G| E E ^,^„[4( 1 )A Sl (l)A J/ -i S2 (2)^-i 93 (3)---A y -i Sm (m)^ 1 (i)^-i lft (|) 

x&Gy&H 1 1 

= |G| E T, ^x{l)Q y {l)z H \5 x {l)5 gi {l)5 y -i g2 {2)5y-ig 3 {Z)---5 y ^g m {m)Q hl {\)Q h -i i hlh2 {l) 

xgG y&H 1 1 

QhA\)' ■ ■ Qh m {m - \) 

= \G\8gi (X)Qhih2-h m {\) z H S 9i( 1 ) S h^ 1 h^--h^ 1 g2^ S h^ 1 h^--h]: 1 g3^ ' ' ' g m ( m ) 

Qhi(\)Qh^h^h^^-'-h^hz 1 ^8h 3 (\) ' ' ' Qh m ( m — 5 ) 

= 8gi(l)ehih 2 ~hm(%) E ^(l)A S9i -i h -i ft -i_ i ... ft -i fl2 (2)A s9r i /i -i /i -i_ i ... h -i 93 (3) • • • 8 sg -i h -i h ^ h -i gm {rn) 

SGG 

@sg^ 1 h 1 gis- 1 1 h^ 1 hm 1 h^f_ 1 --h^ 1 h^ 1 gis~ 1 1 h 3 gis~ 1 (2 ) ( m 2 ) 

= A 9 i( 1 )^i/ l 2.../ lm (|)A fe - 1 fe -l_ i ..^ r 1 S2 (2)^- 1 fe -l_ i ... /ir 1 S3 ( 3 ) • • • 1 ^lg m M 

^i(5)^r 1 ^ 1 fe- 1 _ 1 .../ l4 - 1 fc 3 - 1 (l)^3(|) • • • Qh m {m - \) 

= 5 gi {l)5 g2 (2) ■ ■ ■ Sg rn (m)Qh 1 {^)0 h -i hlh2 _.. hmhl {^)0 h -i h -i h -i ^.. h -i h -i{^)eh 3 {^) ■ ■ ■ 0h m ( m ~ \) 

= S gi (1 )d g2 ( 2 ) • • • 5 gm {rrifg^ ( 2 )^ 2 ( 2 )^ 3 ( 2 ) ’'' Sh m (fn — 5 ) 


which yields that for any a € T H (Ai m ), 


E E u x,yZ H (u* x , y a) = a. 


E E 

i€G g€-f/ 


«h( ou x,I/X )W = a > 
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Va € J~ H (Ai 



Similarly, one can verify 



By induction, we can show that {(u XiV , u* xy ) : x £ G,y £ H} is a quasi-basis of z H : T H (A n _i m ) 
A H {A nm _i), for any n,m £ Z and n < m. 


Since z H is a projection of norm one, z H can therefore be extended to the map of U ^n(A „ 1 J 


n<m 


onto U A H (A n m _i) by continuity, and then {{u x ^ y ,u xy ) : x £ G,y £ H} is a quasi-basis of 


n<m 


Z H * U J~h (A n _ 1 m ) — ^ U (-^71,771—i)* 


n<m 


n<m 


Finally, the uniqueness of the C*-inductive limit ([H]) implies that T H = (J F H (A n _i 

n<m 2 ’ 


and .4 (HG) = (J A H (-A n m _ i). As a result, {(u Xj y,u* y ) : x £ G,y £ H} is a quasi-basis of 

n<m 2 


z ■ T —j- A 

J H 7 H,G ) 1 


□ 


From Theorem 3.1, we know z H is a conditional expectation of index-finite type, which can 
guarantee that z H is non-degenerate. 


Remark 3.2. (1) For k,l £ Z with k < l, x £ G,y £ H , set 

^x,y — i^)Py T ~). 

One can verify that ■ x £ G,y £ H} is a quasi-basis of : F H A^ HG) . 

(2) Let k,l £ Z with k > l, x £ G,y £ H , put 

hr,?/ = "f ^)> 

then {(u^, v* y ) : x £ G,y £ H} is not a quasi-basis of z H : T H A (HG) . In fact, one can 
show that {(i/ X jJ/ , u x,y) ■ x £ G,y £ H} is not a quasi-basis of z H : J r ff (Ai 2 ) — » A H ( A x 3), where 

hr )2 / = VW\&x(X)py{\)- 
Notice that 


E E v x,yZ H 

x&G y£H 

= NEE f 


Fr, y^9i (1)^92 {AjQhi ( 2)^112 il 


x,y~H At (1 ^Qy- 1 ( 2 )^9i (1)^92 ( 2 )0h2 ( 2 ) 

zeG ye// L 

= Nl E E V X,yZ R 5x(X)Sy-l gi {\)5y-lg 2 {2)Qy-l(l2)Qh 1 {2)6h2{\) 

xGG y£H L 

= NEE v x,yZ H fix(l)8y-lg 1 (l)Sy-lg 2 (2)Q y - 1 h 1 (2)0h2(^) 

xGG y&H L 

= \^'\^h2 1 hAgi^)^ hlh2 ^) z H ^h^ 1 hAgi^)^h^ 1 hAg2^)0hA^ 1 l) Sh2 ^) 


— K^h-'gS^) 0 ^ 2 ( 2 ) S ^s(l)^ S0 7 1 09 (2)£» S0r i 


L seG 


S9i 9 2 ' 


^9i L h 1 h 2 1 h 1 1 g 1 s~ 1 ^ 2 ) 0 sg 1 1 h 1 h 2 h 1 l gi_s 


-i(i) 


— S ^h^h^gi (l)A/ri/r 2 s(l)<5 ftl/l2S£? - 1 32 (2)^/ ll/l2Sg -i /ll/l -i/ l -i gis -i ( 2 ) 0 sg~ 1 h 1 h 2 h^ 1 g 1 s ~ 1 ( 2 ) 


sSG 


— ^2 1 h~ 1 92^)^2 1 h 1 h 2 ^ 2 ) 0 h~ 1 h~ 1 h 2 h 1 h 2 ^2 


(§)> 


9 




















which can implies that for some a € J r H (Ai 2 ), we have 


E E l 'x,y z H ( l 'x,y a ) 7^ a - 

xgG y€H 

Theorem 3.2. The C*-index of z H : T H —> A (HG) is |G||i7|I. 

Proof. Since Index z H does not depend on the choice of quasi-basis, then 


Index z H 


E E u x,y u x ,y 

xeGyeH 

\G\ E E 5 x {l)p y {l)8 x {l)p-\l) 

x£G y£H 

|G| E E 

xeG y&H 

|G| E E 4(i) p,(§) 

zeG yS-ff 

|G||F|I. 


□ 


Remark 3.3. In particular, if H = G, then z G = E ( e >5) : ^ ~* ^ (G G ) a conditional 

geG 

expectation of index-finite type, and Index z G = \G\ 2 I. 
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